We develop a procedure to analyze charged nanoparticle (NP) surface modes. Using the resonance condition derived by Rosenkrantz and Arnon, we obtain frequencies at which the electromagnetic (EM) radiation stimulates resonance over a wide range of modes. Our results confirm that the relation between the resonance frequencies and the excess surface charge can be described by a monotonically increasing function. Taking the derivative of this function, it is evident that the lower surface potentials have a greater influence on the resonance frequency. This effect decreases as the surface potential increases. Surface modes contribute to the surface energy of charged NPs, and for this reason, they can modify charged NP optical properties. We found that there is a strong dependence of the resonance frequencies on the electrically charged NP refractive index and surface potential. This dependence can play an important role in nonmetallic nanotechnological devices, such as attenuators and modulators in optical communication and optical detectors in biomedical sensors.
Introduction
A wide variety of optical properties of bulk crystals can be explained in terms of the interaction of light with elementary excitations. Such coupled oscillation of an elementary excitation and electromagnetic (EM) wave is termed a polariton. In nanoscale crystals, polaritons cannot propagate in the form of a plane wave, since the presence of the surfaces breaks down the translational symmetry. Hence, light incidence onto a nanoparticle (NP) brings about a mode of vibration that is localized on the NP's surface. At the surface, i.e., the medium-NP interface, a dielectric function varies in order to be continuous [2] - [5] . The surface excitations that rise in charged NPs, once EM radiation interacts with them, create surface modes that are the basis for the optical properties of these particles. The surface modes depend on properties of the nanoscatterer, such as dimension, shape, refractive index, and surface charge. As shown in [6] , the presence of surface charge on an NP changes the boundary conditions at the medium-NP interface. Therefore, the vibration modes of a charged NP differ from the neutral NP; in other words, these modes affect the optical properties of such charged NPs. According to the scattering coefficients obtained by [6] , a condition for surface polariton resonance can be derived [1] . This condition can be solved for the resonance frequency for a given set of parameters. These parameters include the relative refractive index between the medium and the NP, the NP radius (assuming that the NP is spherical), the surface potential, and the temperature. It is well known that surface modes are solutions to Maxwell's equations with the proper boundary conditions. In our case of charged NPs, we set the condition for excess charge on the NP's surface. The solution yields the scattering coefficients of a charged sphere, and with these scattering coefficients, we are able to derive a condition for resonance to arise in a charged NP. The derivation is greatly simplified in the case where the dimension of the crystal is smaller than the wavelength of incident radiation. This allowed us to develop a systematic procedure to analyze charged NP surface modes. Furthermore, through this condition, we acquired the radiation frequencies that stimulate resonance over a wide range of modes.
The paper proceeds as follows: The formation of surface modes in a charged sphere and the rise of resonance are described in Section II. Section III presents a mathematical derivation for the surface resonance condition, which is now solved for the incident resonance radiation. Section IV contains simulation results and numerical calculations. Finally, Section V discusses the results and concludes our findings.
Charged Sphere Surface Modes
Mie's 1908 paper was the first to explain the red color of gold NPs; solving the solution of Maxwell's equation for an electromagnetic light wave interacting with small spheres led to the development of a series of multi-pole oscillation cross sections of a NP in terms of efficiencies [7] as follows:
These efficiencies increase as the value of the scattering coefficients a l and b l reach infinity. For a charged sphere, a l and b l are given by [6] 
where
Here, l and l are the Riccati-Bessel functions (the prime denotes differentiation with respect to the argument.), x is the size parameter, is the incident wavelength, m is the complex refractive index, ! S is the surface plasma frequency, È ¼ q=4" 0 a is the electrostatic potential at the surface of a charged sphere of radius a and charge q, T is the temperature of the particle, s is the surface conductivity of the sphere, e ¼ 1:
is the vacuum permittivity,k B ¼ 1:38 Â 10 À23 J Á K À1 is Boltzman's constant, and " h ¼ 1:0546 Â 10 À34 J Á s is Planck's constant divided by the factor 2.
Equations (4) and (5) clearly indicate that the surface excitation resonance depends on the particle size and surface potential. The larger the particles, the more important the higher order modes will be since light can no longer polarize the NPs homogeneously. In order for the value of the scattering coefficients a l and b l to approach infinity, their denominators must be approaching zero. For a given particular mode l, the frequency/radius/charge is such that one of the denominators of the scattering coefficients of a charged particle is very small or equals zero. In that case, the corresponding mode will dominate the scattered field. Therefore, scattering coefficients a l and b l are dominant if conditions (6) and (7), respectively, shown below, are approximately satisfied:
Solving condition (6) for m, in the limit of very small particles, yields
Following the same logic, in the limit of very small x 's, there is no solution to (7) for any l. The refractive index by definition equals m ¼ n þ ik . Hence
G is related to the charge particle by
Therefore, (8) can also be written as
Equation (11) sets the condition for modes l's in a charged sphere, with radius a and surface potential È. In a neutral sphere, ! S equals zero, and (11) reduces to the well-known condition for surface modes in neutral NPs, namely, m 2 ¼ Àðl þ 1Þ=l [7] . Comparing the real and imaginary parts of (9) and (11) yields the following set of equations:
Equation (12) can be solved as a set of equations to find both real n and imaginary k parts of the refractive index, as done in [1] . The value of n or k can also be found using the Kramers-Kronig relations [7] . Solving (12) for ! obtains a six-order polynomial such as
We define the coefficients of the polynomial from (13) as
Thus, (13) reduces to a polynomial of the third order
Equation (14) can be written in the following general form:
where the parameters a, b, c, and d are the cubic polynomial (14) coefficients
The cubic polynomial (14) discriminant is given by
The discriminant (16) results in a negative value, which indicates that the cubic polynomial (14) has one real and two complex roots [8] . The roots of this third degree polynomial can be found analytically, since every cubic polynomial equation with real coefficients has at least one real solution. Hence, the solutions to the cubic polynomial (15) are given by
and
From solutions (17)-(19), six solutions for ! can be determined for a given set of parameters. Hence, (13) has two real and four complex roots. The imaginary part of the complex frequencies obtained is related to temporal damping. Therefore, we ignore the complex frequencies and focus only on the real positive resonance frequencies. We do mention that the imaginary frequency determines the characteristic (finite) lifetime of surface polaritons [9] . The set of parameters include the NP radius a, surface potential È, real refractive index n, mode l, and temperature T . The temperature was set to a room temperature value of 300 K.
Numerical Calculations
We calculated the resonance frequencies as a function of the real refractive index n and as a function of the surface potential È. The calculations were carried out for the first, 10th, and 20th mode. In order to understand the affect of the refractive index and the surface potential on the resulting resonance frequencies, a partial derivative of the resonance frequency was taken with respect to each of the parameters. The refractive index values examined were between 1 and 20 at intervals of 0.001. The surface potential values ranged from 1 to 50 V at intervals of 0.2 V. Fig. 1(a) depicts the incident frequency as a function of the refractive index for the first, 10th, and 20th modes. According to the figure, the lower refractive indices are susceptible to a wide range of incident frequencies. The partial derivative @!=@n, shown in Fig. 1(b) , represents the slope. Note that the refractive indices between the values 1-4 have the greatest impact on the resonance frequency. Moreover, the affect of the refractive index decays as the value of n increases.
We performed a similar analysis for the resonance frequencies according to the surface potential of the charged NPs. Fig. 2(a) presents the incident resonance frequency as a function of the surface potential calculated for modes 1, 10, and 20 for an NP with a radius of 5 nm and a refractive index of 1.4283 based on results from [1] . Note that the corresponding absorption coefficient k can be obtained via Kramers-Kronig relations [7] . Comparing Fig. 2(a) with Fig. 1(a) , we can see that the lower surface potentials are susceptible to a narrower range of frequencies than the lower refractive index values. By calculating the derivative @!=@ shown in Fig. 2(b) , it is clear that the lower surface potentials have a greater influence on the resonance frequency. This effect decreases as the surface potential increases.
The computations in Fig. 3(a) and (b) were done for the first-order mode. Fig. 3(a) shows that an increase in the NP radius decreases the values of the incident resonance frequency, while, as shown in Fig. 3(b) , an increase in the surface charge results in an increase in the incident resonance frequency. The mathematical derivation for the resonance condition presented in (8) holds for particles that are much smaller than the incident wavelength x ( 1. However, note that in the above analyses, higher modes respond to shorter wavelengths. Hence, the accuracy of the results presented in Figs. 1 and 2 diminishes for high-order modes.
Conclusion
Based on the condition obtained in [1] , which indicates the rising of resonance in a charged NP, we were able to solve this condition for the incident resonance frequency. The solutions we obtained depended on the relative refractive index of the NP and the medium, the surface potential, the dimensions of the NP, the temperature and the surface mode.
It should be noted that the physical and optical properties of NPs can change at very low temperatures. As a consequence, the resonance behavior of NPs may vary [10] . We determined that near room temperature, i.e., 300 K, temperature has a negligible influence on the resonance frequencies of charged NPs. Hence, the temperature was set to 300 K. On the other hand, incident resonance frequencies were affected by the charged NP refractive index values of 1-4 and surface potential values of 5-10 V. This is evident through the gradient analyses of ! depicted in Figs. 1(b) and 2(b), where the gradient is most substantial in those values. From these analyses, we also concluded that the influence on the resonance frequency is effective only in a narrow band of values of refractive indices and surface potentials. In other words, the impact of these parameters diminishes as their value increases. Three modes (first, 10th, and 20th) were depicted in Figs. 1(a) and 2(a), from which we deduced that all modes, at low values of the refractive index, are responsive to a wider range of frequencies than at high values of the refractive index. This behavior is exactly the opposite of the effect of the surface potential. The low values of surface potential are susceptive to a narrow range of frequencies, while the higher values respond to a much wider range of frequencies. Analyzing the influence of the charged NP radius in Fig. 3(a) , we noticed a red-shift of the resonance frequency as the radius increases. This observation is opposed to the blue-shift of the resonance frequency, shown in Fig. 3(b) , which takes place as the surface potential increases. These findings are consistent with a neutral NP that exhibits the same red and blue shift.
Theoretically, by varying the electric charge on an NP, we can change its sensitivity to the resonance frequency. By doing so, modulation of light can be produced. In the same manner, using different NPs, with a variety of refractive indices, similar results can be obtained. These findings indicate that charged NPs can be used in a variety of technological implementations, such as optical attenuators and modulators, in biomedical sensors and for enhancing absorption in thin films solar cells.
